Abstract. In this paper we provide a method capable of producing an infinite number of solutions for Einstein's equation on static spacetimes with perfect fluid as a matter field. All spacetimes of this type which are symmetric with respect to a given group of translations and whose spatial factor is conformally flat, are characterized. We use this method to give some exact solutions of the referred equation.
Introduction and Main Results
The Einstein equation on a spacetime M containing matter with stress-energy tensor T is given by
where G is the Einstein gravitational tensor of M and T is a symmetric (0, 2)-tensor with divergence zero. Roughly speaking, this equation shows how matter determines the Ricci curvature of spacetime and the vanishing of the divergence of T tells how Ricci curvature moves this matter. The manifold M is said to be a vacuum spacetime in case T = 0 (cf. [6, 9, 14] ). A semi-Riemannian (n + 1)-manifold ( M n+1 , g) is called static if M is the product manifold M × R of a manifold M n with R and the metric g has the form
where x : M → M and t : M → R are the natural projections, g is a semi-Riemannian metric on M and f ∈ C ∞ (M ) is strictly positive. A perfect fluid stress-energy tensor may be recognized by the identity (1.3) T = (µ + ρ)η ⊗ η + ρg, where µ, ρ ∈ C ∞ (M ) are the energy density and pressure, respectively, and η is a 1-form such that g(η, η) = −1 and whose associated vector field represents the flux of the fluid (cf. [12, 14] ). The definition of a perfect fluid does not provide, however, a way to construct a spacetime model of one. We consider Einstein's equation on ( M , g) with perfect fluid as a matter field. It implies that the Ricci tensor of ( M , g) has, at each point of M , at most two distinct eigenvalues with multiplicities 1 and n (cf. [12] ).
By means of (1.1), (1.2) and (1.3) we are able to conclude that (see [12] )
where Ric g , R g , ∇ 2 g and ∆ g are, respectively, the Ricci tensor, scalar curvature, Hessian and Laplacian with respect to g. Observe that both sides of (1.4) are trace-free. Kobayashi and Obata [12] , proved that a perfect fluid static spacetimes whose spatial factor is conformally flat and complete admits a special warped product structure (cf. Lemma B in [11] ). On a static vacuum spacetime, which corresponds to µ = ρ = 0, relations (1.4) and (1.5) together give f Ric g = ∇ 2 g f and ∆ g f = 0, (1.6) telling that ( M n+1 ,ĝ) must be a Ricci-flat manifold. The Einstein equation represents a great step when it comes to comprehend the Universe and the exact solutions of this equation have played a crucial role in the development of cosmology. Many scientists contributed with their spacetime models, like Schwarzchild, Kerr, Curzon, de Sitter, Bach, Levi-Civita and Kinnersly (cf. [5, 10, 14] ). Exact solutions of Einstein's equations thus model gravitating systems and leads to the mathematical and physical understanding of the general theory of relativity.
In this paper we construct perfect fluid static spacetimes whose spatial factor is conformally flat and admits a group of symmetries consisting of translations (cf. [13] ). Leandro, Pina and Sousa have recently applied this method to obtain static vacuum spacetime models (cf. [6, 9] ). Specifically, we consider a pseudo-Euclidean metric
. . , ε n = ±1 and ε i = 1 for at least one i ∈ {1, . . . , n}. Take ξ : R n → R by the expression
so defined for an arbitrary choice of α = (α 1 , . . . , α n ) ∈ R n \{0} and every (x 1 , . . . , x n ) ∈ R n . We then look for smooth functions ϕ, f :
is open in R n , both satisfy (1.4) and (1.5). Therefore, the manifold M n+1 = M × R with metric tensor
is a perfect fluid static spacetime, symmetric with respect to the additive group G = {x ∈ R n : ξ(x) = 0} of translations in R n and whose spatial factor is conformally flat. What has been said above is summed up in the next result.
is a perfect fluid static spacetime if, and only if,
where the energy density and pressure functions are given by
respectively, where α 2 = n k=1 ε k α 2 k equals −1, 0 or 1 if α is a timelike, lightlike or spacelike vector, respectively.
The Riemannian solutions for Theorem 1 are not complete (cf. [11, 12] ). However, we prove a semi-Riemannian example which is geodesically complete (see Example 2). Remark 1. Upon dividing both sides of (1.7) by ϕf we get
The above equation being Riccati in y for a known x (cf. [4] ), its solutions are written in the form y = y 0 + u, where y 0 is a particular solution of (1.11) and u satisfies d dξ
Theorem 1 says that there is a perfect fluid static spacetime of distinguished geometric nature corresponding to each direction α ∈ R n \ {0} and smooth ϕ : (a, b) ⊂ R → (0, ∞). The authors of [1, 6, 7, 8, 9 ] verified a similar phenomenon under the assumption that α 2 = 0. For the remaining of this section we will apply Theorem 1 on the construction of 5 different spacetime models by either specifying the conformal factor ϕ or the energy density µ. It is worth noticing that µ > |ρ| for all known forms of matter (cf. [14] ). Therefore, some of our examples do not have an apparent physical meaning. It is a remarkable fact that some manifolds do not admit geodesically complete Riemannian metrics of non negative scalar curvature (cf. [3] ). Since µ equals half the scalar curvature of the spacetime's spatial factor, finding a realistic model is a real challenge.
Example 1. If we take µ = (ϕ )
2 > 0 then, according to (1.8), we have
and hence,
Upon integrating twice with respect to ξ we get
are constants. By setting
and (1.7) then becomes
is a solution. A straightforward computation gives
with metriĉ
is a perfect fluid static spacetime with energy and pressure, respectively, given by
Example 2. Taking ϕ(ξ) = e ξ on equation (1.10) produces
which is a second order linear equation with constant coefficients and, as such, it's solutions must be linear combinations of the functions
Therefore, the manifold M = R n × R with metric tensor
furnishes an example of a perfect fluid static spacetime with energy and pressure given by
respectively. In case that α is a lightlike vector field, this is a geodesically complete spacetime (cf. [6] ).
Example 3. The previous example is enlightening when it shows us that there are certain cases for which f (ξ) may be writen in terms of ϕ(ξ), as in
Henceforth, we keep our duty of looking for solutions of (1.10), but this time with the further assumption that f is a function of ϕ, such as f (ξ) = 1 ϕ(ξ) . In this case, equation (1.7) becomes
forcing ϕ to be a linear function of ξ, i.e., ϕ(ξ) = aξ + b where a, b ∈ R are constants, a = 0 and ϕ(ξ) is defined on the open half-space M = {x ∈ R n : aξ(x) + b > 0} so that it is a positive function. The perfect fluid static spacetime thus obtained is described as the manifold
(a k α k x x + b) 2 and constant energy and pressure functions given by
respectively. The manifold ( M n+1 , g) is, therefore, globally conformal to a pseudo-Euclidean space whose dimension and signature have both been increased by 1 for those starting with (M, g). Special instances of the above setting include
corresponding to the Lorentzian manifold
whose spatial factor is the n-dimensional hyperbolic space.
Although we can choose ϕ at (1.7), it seems that finding an explicit formula for f is a difficult task.
Example 4. If we take x(ξ) = − tan(ξ) at (1.11), the referred equation shows itself up like
and even, like z = −(z 2 + n − 1), on the variable z(ξ) = y(ξ) − tan(ξ). Since the general solution of the above equation is
where a ∈ R is some constant, we get from
for some constant c ∈ R \ {0}. By taking n = 3, a = 0, b = 1 and c = 1, 1 , BENEDITO LEANDRO 2 , AND ROMILDO PINA 3 the perfect fluid static spacetime ( M n+1 , g) that we have got might then be pictured as the manifold
along with metric
and functions µ(ξ) = α 2 cos 2 (ξ) − 3 and
serving as the energy density and pressure of the fluid, respectively.
Example 5. Back at the Euclidean scenario, let's choose µ(ξ) = n−1 2
and upon dividing both sides of the above equation by n−1 2 α 2 ϕ 2 we conclude that
the last being equivalent to
The general solution of the above equation is
where a, b ∈ R, b > 0. By setting n = 3, a = 0, and b = 1,
The phase portrait of (1.12) is pictured in Figure 1 . 
Proof of the Main Result
In this section we prove Theorem 1. We closely follow the lines in (cf. [1, 6, 7, 8, 9] ).
Proof of Theorem 1: Let ξ : R n → R be defined by the rule
for every point (x 1 , . . . , x n ) ∈ R n and some arbitrarily chosen direction α = (α 1 , . . . , α n ) ∈ R n \ {0}. Take smooth functions ϕ, f : (a, b) ⊂ R → (0, ∞) so we can make composites
in coordinates x = (x 1 , . . . , x n ) of M ⊂ R n , where ε 1 , . . . , ε n = ±1 and ε i = 1 for at least one i. The manifold M = M × R with metric tensor
where g = ϕ −2 δ is in the conformal class of δ, is a solution of the Einstein equation with perfect fluid as a matter field if, and only if, ϕ, f satisfy (1.7) and µ, ρ are as in (1.5) (cf. [12] ). Since we have (see [2] )
where ∇ϕ, ∇ 2 ϕ and ∆ϕ stand for the gradient, Hessian and Laplacian of ϕ with respect to δ, respectively. The scalar curvature
and hence In order to compute the Hessian ∇ 
